Abstract. We study the parabolically induced complex representations of the unitary group in 5 variables, U (5), defined over a p-adic field.
Denote by U (n) the unitary group corresponding to Φ n if n is odd or to ζΦ n if n is even, respectively. It is quasi split.
Let n be an even positive integer. We will call Levi subgroup of U (n) a subgroup of block diagonal matrices It is canonically isomorphic to the product GL(n 1 , E) × . . . × GL(n k , E) × U (m). We chose the corresponding parabolic subgroup P such that it contains L and the subgroup of upper triangular matrices in U (n). We call a parabolic subgroup P that contains the subgroup of upper triangular matrices standard. Let N be the unipotent subgroup with identity matrices for the block diagonal matrices of L, arbitray entries in E above and 0 ′ s below. Then one has the Levi decomposition P = LN.
Let π i , i = 1, . . . k, be smooth admissible representations of GL(n i , E) and σ a smooth admissible representation of U (m). Let π 1 ⊗ . . . ⊗ π k ⊗ σ denote the representation of L = GL(n 1 , E) × . . . × GL(n k , E) × U (m) and denote by π := Ind U(n) P (π 1 ⊗ . . . π k ⊗ σ) = π 1 × . . . π k ⋊ σ the normalized parabolically induced representation, where P is the corresponding standard parabolic subgroup containing L.
Definition 2.11
Let π be an irreducible representation of GL(n, E). Then there exist irreducible cuspidal representations ρ 1 , ρ 2 , . . . , ρ k of general linear groups that are, up to isomorphism, uniquely defined by π, such that π is isomorphic to a subquotient of ρ 1 × . . . × ρ k . The multiset of equivalence classess (ρ 1 , . . . , ρ k ) is called the cuspidal support of π. It is denoted by supp(π).
Definition 2.12
Let n ∈ N and let τ be an irreducible representation of U (n). Then there exist irreducible cuspidal representations ρ 1 , . . . , ρ k of general linear groups and an irreducible cuspidal representation σ of some U (m) that are, up to isomorphism and replacement of ρ i by ρ −1 i ( − ) for some i ∈ {1, . . . , k}, uniquely defined by τ, s. t. τ is isomorphic to a subquotient of ρ 1 × . . . × ρ k ⋊ σ. The representation σ is called the partial cuspidal support of τ and is denoted by τ cusp . Definition 2.13 Let π be a smooth representation of finite length of G. Thenπ denotes the Aubert dual of π, as defined in [Aub95] .
3. Irreducible unitary representations of U (5), in terms of Langlands-quotients 3.1. Representations with cuspidal support in M 0 , fully-induced. Let χ ω E/F ∈ X ω E/F . Let π 1,χω E/F be the unique irreducible square-integrable subquotient of | | 1/2 χ ω E/F ⋊ λ ′ . Let χ 1 F * ∈ X 1 F * . Recall that χ 1 F * = σ 1,χ1 F * ⊕ σ 2,χ1 F * , where σ 1,χ1 F * and σ 2,χ1 F * are tempered [Key84] . All irreducible subquotients of χ 1 × χ 2 ⋊ λ ′ are tempered, hence unitary.
Theorem 3.2. Let χ 1 , χ 2 be unitary characters of E * such that χ 1 / ∈ X N E/F (E * ) or χ 2 / ∈ X N E/F (E * ) .
1. Let 0 < α 2 ≤ α 1 . Let α 1 = α 2 or ∃x ∈ E * s. t. 
where σ 1,χ1 F * and σ 2,χ1 F * are tempered [Key84] . We now take χ 1 , χ 2 ∈ X N E/F (E * ) .
We will now construct a continuous one-parameter family of hermitian representations. Let 0 < α 2 ≤ α 1 such that α 1 + α 2 ≤ 1. Let π α1,α2 denote the two-parameter family of hermitian
be the vector space of π α1,α2 .
Recall the Levi decomposition P 0 = M 0 N 0 , where P 0 is the minimal parabolic subgroup of
} is the minimal Levi subgroup and N 0 the unipotent radical of P 0 . Let (π, V ) be the extension to P 0 of the representation 1
where
. Via the composition with T α1,α2 we consider all representations π α1,α2 in V 0,0 .
Let w ∈ W be the longest element of the Weyl group. Let
On V 0,0 we define a set of non-degenerate hermitian forms , α1,α2 by
. Fix α 1 and α 2 such that α 1 + α 2 = 1. Let π t = π tα1,tα2 , t ∈ [0, 1] denote a continuous oneparameter family of hermitian representations. Let V t be the vector space of π t . Via the isomorphism
Choose a polynomial p(t) with real coefficents, such that A(t) = p(t)A(w, λ) is holomorphic and non-zero for t ∈ [0, 1]. So for the one-parameter family of representations π t one obtains, on the same space V 0 , a set of non-degenerate hermitian forms , t given by
, 0 is positive definite, hence by [Sch14, Lemma 3.6] , t is positive definite until | | tα1 1× | | tα2 ⋊λ ′ reduces for the first time, for t = 1. By [Mil73] , for t = 1, the irreducible subquotients of [Sch14, Th. 4 .7], they form a continuous one-parameter family of irreducible hermitian representations on the space V α . Like before we identify the vectorspaces V α for 1/2 < α < 3/2. For α = 3/2, the irreducible subquotient Lg(| | 2 1; λ
. Hence, by [Mil73] and by [Sch14, Lemma 3 
, they form a continuous one-parameter family of irreducible hermitian representations on the space V α . Similar as before we identify
. Hence by [Mil73] and by [Sch14, Lemma 3.6] Figure ? ? on page ??). 
.5] and by [Sch14, Lemmas 3.6 and 3.8] non-unitary. 
is unitary for 0 < α ≤ 1 and non-unitary for α > 1. 
.3] and equal to its Langlands quotient Lg(|
. They form a continuous 1-parameter family of irreducible hermitian representations, that similar as before, we realize on the same vector space V.
. By Theorem 1.1 and Remark 4.7 in [HT10] the
and [Sch14, Lemma 3.6] the representations | | 
in III, IV and V are non-unitary by [Sch14, Lemmas 3.6 and 3.8].
.5] and equal to its Langlands quotient
. By [Sch14, Lemma 3.6] these Langlands quotients are unitary.
.5] and equal to its Langlands quotient Lg(|
. By [Sch14, Lemmas 3.6 and 3.8] these Langlands quotients are non-unitary.
Remark 3.6 We do not have a proof that the representation Lg(|
It is the Aubert dual of a square-integrable representation and should be unitary, see [Sch14, Th. 5.4]. See [Han09] , where the proof is given for orthogonal and symplectic groups.
Remark 3.7
In the Grothendieck group of the category of admissible representations of finite length one has
Hence we can extend the argument 2 in the proof of 3.5:
is non-unitary for 1/2 < α 1 < 1 and α 2 = 1 − α 1 and for Figure 2 , page 11). By [Mil73] and by [Sch14, Lemma 3.6] these Langlands-quotients are nonunitary.
is non-unitary by the foregoing argument. By [Mil73] and by [Sch14, Lemma 3.6 
is non-unitary for 1/2 < α < 1. Figure 2 shows lines and points of reducibility of the representation 
| |
. These representations form a continuous 1 -parameter family of irreducible hermitian representations that we realise on the same vector space
In the following Theorems 3.10, 3.11 and 3.12, when speaking of the Langlands-quotient, we will exceptionally allow that α 1 < α 2 for ease of notation.
,χω E/F denote the unique square-integrable subquotient and let 
Like in 3.4 we construct continuous one-parameter families of irreducible hermitian representations and obtain that Lg
is unitary for α 1 = 1, 0 < α 2 ≤ 1/2, and for 0 < α 1 < 1, α 2 = 1/2. Let 
Let α
is unitary for 0 < α ≤ 1/2. Otherwise these Langlands-quotients are non-unitary. 
Proof. 1. Let α
by [Sch14, Th. 4.3] . Let π 2,χω E/F be the unique irreducible non-tempered subquotient of | | 
by [Sch14, Th. 4 .11] and equal to Lg(
. By [Sch14, Lemmas 3.6 and 3.8] these Langlands-quotients are non-unitary.
.3] and equal to their own Langlands-quotient Lg(|
. Similar as in 3.4 (2), by [Sch14, Lemmas 3.6 and 3.8], we find that these Langlands-quotients are non-unitary. Figure 6 shows lines and points of reducibility of the representation 
Let
gives a continuous 1-parameter-family of irreducible hermitian representations that we realize on the same vector space V, similar as in 3.4. If there
We show that representations in II of Figure 7 , page 17, are non-unitary. Let α 1 > 1/2 and 0
4.3] and equal their own Langlands quotient Lg(|
give a continuous 1-parameter family of irreducible hermitian representations that we realize on the same vector space V. If there existed
We show that representations in III of Figure 7 , page 17, are non-unitary. Let
.3] and equal to their own Langlands quotient Lg(|
gives a continuous 1-parameter family of irreducible hermitian representations that we realize on the same vector space V, similar as in 3.4. If there
is irreducible for 0 < α < 1/2 by [Sch14, Th. 4.5] and equal to its Langlands-quotient Lg(|
. By [Sch14, Lemma 3.6] these Langlands-quotients are unitary. Figure 7 shows lines and points of reducibility of the representation 
Remark 3.15
′ has two tempered subquotients. 
.7] and equal to its own Langlands quotient Lg(|
Figure 11 Irreducible subquotients of χ ⋊ τ, τ tempered non-cuspidal of U (3), not fully-induced
Figure 12 
4.9, 4.11 and 4.13]) and equal to their Langlands-quotients Lg(|
respectively. By [Sch14, Lemmas 3.6 and 3.8] these Langlands-quotients are non-unitary. 
. By [Sch14, Lemmas 3.6 and 3.8] these Langlands-quotients are nonunitary.
Representations with cuspidal support in
. Then π is obtained by base change lift from U (2) to GL(2, E), that is by endoscopic liftings from endoscopic data of U (2) to data of GL 2 (E) [Rog90] .
Let G := U (2) and − reducible; irreducible subquotients non-unitary − reducible; irreducible subquotients unitary · irreducible unitary subquotient Figure 13 shows lines and points of reducibility of the representation
is unitary for 0 < α ≤ 1/2. It is non-unitary for α > 1/2.
Figure 14 We obtain the following We have no classification in terms of the Langlands-quotients for the induced representations of U (5) with cuspidal support in M 2 ∼ = E * × U (3). One reason is that we do not have any parametrizatien for the cuspidal representations of U (3).
